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In reference [l 1 it was demonstrated that the equations of thermal con- 

vection for an incompressible fluid in an infinitely long rotating pipe 

become linear when the temperature gradient along the axis of rotation is 

constant. We now deal with thermal convection in a compressible viscous 

fluid within an infinitely long circular rotating tube. We deal with the 

problem in terms of cylindrical coordinates rotating at velocity o, the 

polar axis coinciding with the axis of rotation. The conditions of sym- 

metry imply that there is no dependence on I$, and fof an infinitely long 

pipe aqa, = 0. w = r “4 = 
0. Finally we assume that the fluid obeys the 

equation of state of an ideal gas. The fluid motion can therefore be 

described by the following system of equations [ 2 I : 

(1) 

We will assume that temperature variation within the fluid is governed 

by the effect of a constant temperature gradient at the walls of the tube. 

Inasmuch as the conditions over a pipe section are similar. we get 

When dealing with the case of a compressible fluid, this single con- 
dition for linearizing equation (1) is insufficient, for now it is not 

possible to neglect density change with change in pressure. To be able 

to linearize thermal convection equations for a compressible fluid we will 
study a case of slow convection. That is, we will assume that the tempe- 
rature variation is small compared to the mean temperature in the fluid, 
and that the velocity of convection which gives rise to this variation 
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and the changes in both pressure and density are all small; i.e. we 

Put 

T’ = T + 6T, P’ = p -#- 6P, P’ = P + b v,=v#O 

W<T, SP << Ps BP < Qt L’ << or1 

can 

(3) 

Here r1 is the tube radius and p and p are pressure and density res- 

pectively at some constant mean temperature T of the fluid. In other 

words, we are seeking a solution to system (1) in terms of a power series 

of the gradient O, which is assumed to be small. If we keep only the 

first-order terms, from system (1) it is easy to obtain the following 

For the isothermal case 6T = 0, 8p = 0, v = 0, and the fluid rotates 

as a whole with pressure distribution given by: 

fMLW 
p = PO ‘xp 2fiT (5) 

where pu is the pressure at the tube axis. Now we neglect 8p in equation 

(4), and putting in (2) and (5) we obtain an equation for slow convection 

This equation should be solved with the 

(1) finiteness of solution for r = 

(2) Z’(Tl) = 0 
1, 

(3) 2x 
s 

prr dr = xr,‘pQ 

where Q is the given mass flow of fluid in the tube. 

We now introduce the following variables and definitions 

W’P” &p,, 
I‘=-------6, Q=4h’r;T-q 41r]? 

following boundary conditions 

0 

(7) 

Hence equation (6) and boundary conditions (7) become 
b 

d” rlli 

i > 

rl / __ z- -- 
dx” ax ix 

du 
-\ + cY zz 0, I, (I?) = 0, 

5 
C.\‘IL rl.r = 

rlx \ c(x J 9 
11 

It is easy now to obtain 
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11 = [(eb _ 1)’ _ 2*] Jl (4 - JI (6 
2Jz (b) -4Jl(b) + e”- ‘” 

W) 

where 

Or. finally. 

w*p0 (eb - 1)2 
‘=w 2[Ei(2b)-2Ei(b)+lnyb-ln2] 1 Ei (z) - Ei (b) - In t + eb - e 

I 
+ 

+ bQ 
Ei (26) - 2 Ei (b) + In y b - In 2 

Ei (b) - Ei (r) + In F 1 
where Ei(x) is a function tabulated in (3). 

This solution is composed of the superposition of two pressures; the 
first term in (11) expresses free convection in the compressible rotating 
fluid, and the second is the forced motion of the compressible fluid in 
the rotating pipe due to the difference in external pressure (similar to 
poiseuille flow of incompressible fluid). 
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